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Abstract
Bertini’s theorem on variable singular points may fail in positive characteristic. We construct in char-
acteristic five a two-dimensional algebraic fibration π : T → S by plane projective quartic curves, that is
pathological in the sense that all fibers are non-smooth though the total space T is smooth after restricting
the base surface S to a dense open subset, and that is universal in the sense that each pathological fibra-
tion by plane projective quartics is up to birational equivalence obtained by a base extension either from
the two-dimensional fibration π or from an one-dimensional pathological fibration π−1(C) → C obtained
by restricting the base of π to a uniquely determined curve C on S. These curves on the base surface S,
which are bases of pathological fibrations, are classified in terms of invariant curves of an algebraic vector
field. Among these fibrations there is just one whose general fiber admits a non-ordinary inflection point.
In analogy to the Kodaira–Néron classification of special fibers of minimal fibrations by elliptic curves, we
construct the minimal proper regular model of this pathological fibration, determine the structure of the bad
fibers, and study the global geometry of the total space.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
By Bertini’s theorem on variable singular points, which is widely considered a fundamental
tool in algebraic geometry, almost all fibers of a dominant morphism of smooth algebraic vari-
eties over a field k of characteristic zero are smooth (see [Sh2, Ch. II 6.2]). The analogue in the
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theorem and the interesting history we refer to Kleiman’s article [K]. If the characteristic of the
constant field k is a prime p, then there are algebraic fibrations π : Y → X that are pathological
in the sense that all fibers are non-smooth though the total space Y is smooth after eventually
restricting the base to a dense open subset of X. A first example was published by Zariski [Z].
Usually pathological families of curves are constructed by taking in a rather ingenious manner
suitable pth powers as building blocks for the equations of the curves; see the papers of Bombieri,
Mumford [BM] and Lang [La]. It seems to be more difficult to imagine a pathological fibration
by curves of degree smaller than p.
In the present paper we assume that the constant field k is algebraically closed of characteristic
five and classify the pathological fibrations by plane projective quartic curves. Algebraic curves,
surfaces and varieties are required to be irreducible, except that fibers are allowed to be reducible
and even non-reduced curves. We first announce the classification in the special case where the
fibers admit non-ordinary inflection points.
Theorem 1.1. A pathological fibration by plane projective quartic curves, whose general fiber
admits a non-ordinary flex, is up to birational equivalence obtained by a base extension from the
pathological pencil of plane projective quartics cut out by the equations
u3w + (u2w2 − uvw2 + uv2w − v4)t + (v + 3w)w3t2 = 0
where t is a parameter.
In analogy to the Kodaira–Néron classification of special fibers of minimal fibrations by ellip-
tic curves, in Section 2 we construct the minimal proper regular model of this pathological pencil
over the projective line, determine the structure of the bad fibers, and study the global geometry
of the total space.
Two fibrations are said to be birationally equivalent if there is a birational map between the
total spaces and another one between the bases, such that the corresponding diagram commutes.
By adopting the function field theoretic point of view, we also treat the more subtle classification
problem where the base is fixed and only birational maps between the total spaces are allowed.
We construct a two-dimensional pathological fibration π : T → S that is universal in the sense
that the data about all pathological fibrations by plane quartics are concealed in it. The base of π
is a Zariski surface
S := {(x, y, z) ∈ A3(k) ∣∣ z5 = σ(x, y)}
where σ(x, y) := y2 − xy + 2x3. The total space is the threefold
T := {((u : v : w), (x, y, z)) ∈ P2(k)× S ∣∣ f (u, v,w,x, y, z) = 0}
where f is a certain homogeneous quartic polynomial in u, v and w whose coefficients are
polynomial expressions in x, y and z over F5, which are displayed in Theorem 3.2 of Section 3.
Theorem 1.2. (i) The projection morphism π : T → S is a pathological fibration by plane projec-
tive quartics. Over each point (x, y, z) ∈ S with x3 + 3y2 = 0 the fiber is birationally equivalent
to the elliptic curve of j -invariant 3x3/5/(x3 + 3y2)1/5 and admits just one singular point,
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two.
(ii) For each curve C on S the restricted projection morphism π−1(C) → C is a pathological
fibration if and only if the projection morphism of C onto the image curve in the affine (x, y)-
plane is birational and C is different from the curve defined on S by the relation x3 + 3y2 = 0.
(iii) Each pathological fibration by plane projective quartic curves is up to birational equiva-
lence obtained by a base extension either from the two-dimensional fibration π : T → S or from
an one-dimensional pathological fibration π−1(C) → C obtained by restricting the base of π to
a uniquely determined curve C on S.
The condition of item (ii), which says that the curve C on S projects birationally onto the
image curve in the affine (x, y)-plane A2, is satisfied if and only if the image curve is invariant
by the Jacobian vector field
D := ∂σ
∂y
∂
∂x
− ∂σ
∂x
∂
∂y
of the polynomial σ(x, y); see the last statement of Theorem 5.2 of Section 5, or in a more gen-
eral context [RS, Proposition 1]. It must be remembered that an affine plane curve given by a
polynomial ϕ(x, y) is said to be invariant by the vector field D, if the vector field is tangent
to the curve at non-singular points, or equivalently, if D induces a vector field on the curve i.e.
D(ϕ) ≡ 0 mod ϕ i.e. the logarithmic derivative D(ϕ)/ϕ is a polynomial. We believe that Theo-
rem 1.2 might provide a prototype of results relating pathological fibrations to invariant varieties
of algebraic vector fields. There is a huge number of curves that are invariant by D; the corre-
sponding polynomials ϕ(x, y) and their logarithmic derivatives are classified in Theorem 6.1 of
Section 6.
If the image of C ⊂ S in A2 is equal to “x3 + 3y2 = 0” i.e. if C is the curve defined by the
equations x = 2z2 and y = 2z3, then f is equal to the non-reduced polynomial 2xv4 on π−1(C),
and π−1(C) is the singular locus of the total space T . If the image curve is not invariant by D,
then the projection morphism is purely inseparable of degree five, and the singular points of
almost all fibers of π−1(C) → C are singular points of π−1(C).
The two-dimensional pathological fibration π : T → S will be obtained from the Weierstrass
equation of its general fiber by performing a birational transformation followed by an insepara-
ble base descent. Its description is rather involved; however its restrictions to one-dimensional
pathological fibrations are expected to be of a more concise form. Indeed in this case x and y
satisfy a polynomial equation, z becomes a rational expression in x and y and so the coefficients
of the quartic polynomial f only depend on x and y; moreover, if the geometric genus of C is
zero, then the coefficients depend only on one parameter t . Theorem 1.1 will be deduced from
Theorem 1.2; the corresponding curve on S is the parameterizable level curve of altitude z = 3
(see Corollary 3.5).
To prove our results we consider the field F := k(Y ) of the total space of an algebraic fibration
π : Y → X by curves as a function field in one variable over the field K := k(X) of the base,
rather than as a function field in finitely many variables over k. We assume that F is separably
generated over K and that K is algebraically closed in F ; geometrically this means that almost
all fibers of π are integral curves (see [M] and [Sh2, Ch. II 6.1]). We also assume that π is proper,
and so the fibers are projective curves.
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projective model, say Z, of the function field F | K = k(Y ) | k(X). More precisely, the non-
generic points of the generic fiber Z, which are the prime divisors of Y that are mapped sur-
jectively onto the base X, correspond bijectively to the primes of F | K . A pathological family
of curves is characterized by the rather amazing property that the special fibers are curves with
singularities though the scheme-theoretic generic fiber Z is a non-singular (i.e. regular) curve
over k(X).
However, adopting a more classical language of pre-Grothendieckian algebraic geometry, we
pass to the algebraic closure K of K = k(X), and view the extended curve Z⊗K K as the general
fiber, from which most special fibers inherit their properties. The family is pathological if and
only if the general fiber Z ⊗K K is non-smooth, that is, its geometric genus is smaller than its
arithmetic genus. Since the arithmetic genus is invariant under constant field extensions (see [R,
p. 182]), this means that the geometric genus decreases on extending the constant field from K
to K , that is, g¯ < g where g and g¯ denote the genera of the function fields F | K and FK | K of
the curves Z | K and (Z ⊗K K) | K respectively.
A prime p of F | K with valuation ringOp is called smooth if the one-dimensional semi-local
domain KOp is integrally closed. In the literature a non-smooth prime p is called a singular
prime; however we will not adopt this terminology, since in our context a non-smooth prime is
deemed to stand for a non-smooth but regular point of the generic fiber. The K-codimension of
KOp in its integral closure is called the (geometric) singularity degree of p. Since the genus drop
g − g¯ is equal to the number of the non-smooth primes counted according to their singularity
degrees (see [R, p. 182]), the function field admits a non-smooth prime if and only if g¯ < g i.e.
the fibration π is pathological. Geometrically, a prime of F | K is non-smooth if and only if
the corresponding prime divisor of the total space Y contains singular points of almost all fibers
of π .
Parts of the paper are written in the setting of function fields in one variable defined over a
non-perfect field K . However in this introduction, to emphasize geometry we announced our
results in the case where K is the field of rational functions of an algebraic variety.
2. A pathological pencil of plane quartics with a non-ordinary flex
Let k be an algebraically closed field of characteristic five. We consider the irreducible pro-
jective algebraic surface
Y ⊂ P2(k) × P1(k)
of the pairs ((u : v : w), (t0 : t1)) satisfying the bihomogeneous equation
u3wt20 +
(
u2w2 − uvw2 + uv2w − v4)t0t1 + (v + 3w)w3t21 = 0.
As usual, we identify the projective line P1(k) with k ∪ {∞} by setting t := t1/t0. Over each
point t of the projective line, the fiber of the projection morphism
η : Y −→ P1(k)
is equal to Ct × {t} where Ct is the plane projective quartic cut out by the above homogeneous
equation in u, v and w.
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the Jacobian criterion it admits just one singular point
Pt =
((
t4 + t3)1/5 : (t2 − t)1/5 : 2).
If t = 3 then the quartic Ct is birationally equivalent to the elliptic curve of j -invariant 2t−1/5(t −
3)−4/5(t2 + 2t + 4)3/5, the singular point Pt is a ramphoid cusp, and its tangent line is cut out
by the equation u+ 3t2/5v + 3(t4 + 2t3)1/5w = 0. If t = 3 then Ct is rational, and at its singular
point P3 = (4 : 3 : 1) there are centered a branch of multiplicity two and a non-singular branch
with the tangent lines “u+ 2v = 0” and “u+ v+ 3w = 0” respectively. The point P0 = (1 : 0 : 0)
is a non-ordinary inflection point of Ct with the tangent line “w = 0.” By the Hessian criterion
the remaining flexes are ordinary and their number is equal to seven (respectively, two) if t = 3
(respectively, t = 3) (see Corollary 4.3).
If t = 0 and t = ∞ then the plane quartics are non-reduced curves given by the polynomials
u3w and (v + 3w)w3 whose irreducible components intersect at (0 : 1 : 0) and P∞ = (1 : 0 : 0)
respectively.
By the Jacobian criterion, though each special fiber is singular, the total space Y has only three
singularities, namely the points (P0,0), (P∞,∞) and (P3,3) of multiplicity two, three and two
respectively. It will follow from this paper that each pathological fibration by plane projective
quartics, whose general fiber admits a non-ordinary flex, is up to birational equivalence obtained
by a base extension from the above fibration (see Corollary 3.5).
In this section we describe the desingularization morphism Y˜ → Y obtained by blowups, and
determine the fibers of the morphism
η˜ : Y˜ −→ Y −→ P1(k).
By blowing down on Y˜ the smooth rational fiberal components of self-intersection number −1
we will obtain a minimal proper regular model η : Y → P1(k) of the fibration η. By a variant
of Enriques’s theorem on minimal models of algebraic surfaces, since the arithmetic genus of
the general fiber is positive, the minimal model is unique up to isomorphisms over the base
curve P1(k) (see [Sh1, p. 155]).
We denote by A(0)1 and A
(0)
2 the two components “u = 0” and “w = 0” of the fiber η∗(0) ∼= C0
of the projection morphism η : Y → P1(k) over the point t = 0. The exceptional curve of the
blowup of the total space Y at (P0,0) is a smooth rational curve say A(1), which contains one
singular point of the ambient blowup surface. By blowing up this point we obtain a smooth
rational curve A(2), which consists entirely of singular points of the surface. The blowup along
this curve provides a rational double cover A(3) of A(2), which contains one singular point of the
ambient surface. Blowing up once more, we obtain a union of two smooth rational curves A(4)1
and A(4)2 , which do not admit singularities of the surface. We denote by A˜
(i)
j ⊂ Y˜ the birational
transforms of the curves A(i)j . The fiber of η˜ over t = 0 is a linear combination of smooth rational
curves
η˜∗(0) = 3A˜(0)1 + A˜(0)2 + 3A˜(1) + 3A˜(3) + 5A˜(4)1 + 4A˜(4)2
which either do not intersect or intersect transversely according to Fig. 1.
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Fig. 1. The configuration of the components of η˜∗(0).
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Fig. 2. The configuration of the components of η˜∗(∞).
The remaining two singularities of Y can be resolved by chains of blowups of points. We
denote by B(0)1 and B
(0)
2 the two components “w = 0” and “v + 3w = 0” of the original fiber
η∗(∞) ∼= C∞. Blowing up the point (P∞,∞) we get a union of three smooth rational curves
B
(1)
1 , B
(1)
2 and B
(1)
3 , which correspond to the components “w = 0,” “t0 = 0” and “wt1 +ut0 = 0”
of the tangent cone and whose common intersection point is a singular point of the blowup
surface. Blowing up this point, we get a union of two smooth rational curves B(2)1 and B
(2)
2 ,
which do not contain any singular point of the surface. We obtain
η˜∗(∞) = 3B˜(0)1 + B˜(0)2 + B˜(1)1 + 2B˜(1)2 + B˜(1)3 + 3B˜(2)1 + 2B˜(2)2
where the components are smooth rational curves, which intersect according to Fig. 2; the inter-
sections are transversal except that B˜(2)1 and B˜
(2)
2 meet with multiplicity two.
The singularity at (P3,3) is a Du Val singularity with the Coxeter–Dynkin diagram A3 and
can be resolved by two blowups. We obtain
η˜∗(3) = C˜(0) + 2C˜(1)1 + C˜(1)2 + 2C˜(2)
where C˜(0) stands for the birational transform of the original fiber η∗(3). The irreducible com-
ponents are smooth rational curves which intersect according to Fig. 3.
Since a fiber meets its components with intersection number zero, we can calculate the self-
intersection numbers of the components from the intersection numbers of pairs of different
components. The fibration η˜ : Y˜ → P1(k) and even the desingularization morphism Y˜ → Y are
not minimal. Indeed, the components B˜(0)1 and A˜
(1) have self-intersection number −1 and so
they are contractible by Castelnuovo’s criterion. We summarize:
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Fig. 3. The configuration of the components of η˜∗(3).
Theorem 2.1. The fibration η : Y → P1(k) obtained from η˜ : Y˜ → P1(k) by blowing down the
two contractible fiberal components B˜(0)1 and A˜(1) is the minimal proper regular model of the
pathological fibration η : Y → P1(k). Its fibers over the three points t = 0,∞ and 3 are linear
combinations of smooth rational curves
η∗(0) = 3A(0)1 + A(0)2 + 3A(3) + 5A(4)1 + 4A(4)2 ,
η∗(∞) = B(0)2 + B(1)1 + 2B(1)2 +B(1)3 + 3B(2)1 + 2B(2)2 ,
η∗(3) = C(0) + 2C(1)1 +C(1)2 + 2C(2)
whose intersection configurations are obtained from the preceding three figures by removing the
dashed lines. The remaining fibers are integral and coincide with the fibers η∗(t) ∼= Ct of the
original fibration η.
The total space Y of the minimal fibration still contains contractible curves and so it is not a
minimal surface.
Theorem 2.2. The birational transforms H 1, H 2, H 3 ⊂ Y of the curves
H1 :=
{
(1 : 0 : 0)}× P1(k),
H2 :=
{((
b2 : 0 : 3a(a + b)), (3a2(a + b) : b3)) ∣∣ (a : b) ∈ P1(k)}, and
H3 :=
{((
b2 : 4ab : a2), (a3 : b3)) ∣∣ (a : b) ∈ P1(k)}
are smooth rational curves of self-intersection number −1. By blowing down on Y the three
bunches
{
H 1,B
(1)
1 ,A
(0)
2 ,A
(0)
1 ,A
(4)
1 ,A
(4)
2
}
,{
H 2,B
(1)
2 ,B
(0)
2
}
, and{
H 3,C
(1)
2 ,C
(2),C(1)1
}
,
we obtain a minimal surface isomorphic to the projective plane.
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non-ordinary inflection point. To prove Theorem 2.2 we notice that the surface Y is rational, as
can be seen from its third blowup over the point (P0,0). More precisely, the assignment(
(u : v : w), (t0 : t1)
) −→ (uvwt0 : v3t0 : w3t1)
defines a birational map between Y and P2(k) whose inverse is given by the assignment
(x : y : z) −→ ((xα2 : yzαβ : yz2β2), (yz2β3 : α3))
where α := xyz + 2yz2 − x3 and β := yz − y2 + xy + x2. The rational map
P
2(k)  P1(k) defined by (x : y : z) −→ (yz2β3 : α3)
fails to be regular at the three points (0 : 1 : 0), (0 : 0 : 1) and (4 : 4 : 1). Computation shows that
these indeterminacies can be resolved by chains of six, three and four blowups respectively. This
provides us with an alternate realization of the minimal fibration η. The thirteen blowups also
resolve the indeterminacies of the birational map P2(k)  Y with only one exception, namely
an indeterminacy at the point (0 : 1 : 1), which can be resolved by one blowup whose exceptional
curve lies over B(0)1 .
The six blowups over (0 : 1 : 0) provide us with the smooth rational curves A(4)2 , A(4)1 , A(0)1 ,
A
(0)
2 , B
(1)
1 and H 1 of self-intersection numbers −2, −2, −2, −3, −2 and −1 respectively, which
intersect according to the Coxeter–Dynkin diagram:
     
A
(4)
2 A
(4)
1 A
(0)
1 A
(0)
2 H 1 B
(1)
1
.
Over (0 : 0 : 1) we get the diagram:
  
B
(0)
2 B
(1)
2 H 2
and the self-intersection numbers −2, −2 and −1. Over (4 : 4 : 1) we obtain the diagram:
   
C
(1)
1 C
(2) C(1)2 H 3
and the self-intersection numbers −2, −2, −2 and −1.
3. Non-conservative plane quartic curves in characteristic five
Let F | K be a separable function field in one variable. In order to avoid ambiguities when
K—deemed to be the function field of a base variety—is endowed itself with a constant field k,
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a prime p, then the genus need not be preserved but may decrease under inseparable constant
field extensions. By a theorem of Tate [T] the drop in genus is a multiple of p−12 . The function
field is called conservative if the genus remains unaltered on extending the constant field K to
its algebraic closure K .
Theorem 3.1. Let K be a field of characteristic five. The separable non-conservative non-
hyperelliptic function fields in one variable of genus three with constant field K correspond
up to isomorphisms bijectively to the K-rational points (a, b, c) of the affine space A3 satisfying
b2 − ab + 2a3 = c5
and
(b − a)2Δ /∈ K5 where Δ := a3 + 3b2.
The function field corresponding to such a vector (a, b, c) is generated by two elements x and z
that satisfy the absolutely irreducible equation(
Δ−3z5 + a2x + c5)2 − (bx − ax + a2)2(x3 + ax + b)= 0
of degree ten.
The plane projective geometrical integral curve, defined over K by the homogenization of the
equation between x and z, admits singularities. We will realize its non-singular projective model
as a plane quartic curve.
As common in Computer Algebra, intermediate computations may become very expensive
and expressions may gain rather ‘astronomic’ magnitudes; but when the computation approaches
the end, then against all apparent standards of Complexity Theory, by a magic force of Pure
Mathematics the expressions tend to collapse and the final result has a much smaller magnitude.
Nevertheless—despite of large cancellations in the last steps of the computation—the quartic
equation does not become so simple as we would like to have in an announcement of a theorem.
So we still make an extra effort to choose the projective coordinates conveniently.
Theorem 3.2. Let (a, b, c) be a point of A3(K) satisfying b2−ab+2a3 = c5 and (b−a)2Δ /∈ K5.
Then the non-singular projective model of the corresponding function field is isomorphic to the
plane projective geometrical integral quartic curve defined over K by the homogeneous polyno-
mial
f (u, v,w) =
∑
cij u
4−i−j viwj
whose coefficients are the following polynomial expressions in a, b and c of partial degrees not
larger than 4, 3 and 4 respectively:
c04 = 2cΔ, c13 = 3Δ, c22 =
(
c2 + 2a)2, c31 = 4(c2 + 2a)c, c40 = c2 − a,
c03 = 3aΔ, c12 =
(
2ac3 − bc2 + 3a2c − ab)c, c21 = (c2 + 2a)(2ac + 3b),
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c11 = 3a2c3 + abc2 − b2c + a2b, c01 = bΔ, c10 = 0, c00 = 3bcΔ.
The quartic, extended to a curve defined over K , admits a unique singular point (a2/5 : 4(a3b +
ab2 + b3)1/5Δ1/5 : 3(a3b + b3)1/5), which is a ramphoid cusp.
We will prove the two theorems simultaneously. Let F | K be a separable function field in one
variable of positive characteristic p. We denote by F1 := FpK the unique subfield of F | K such
that F | F1 is inseparable of degree p. We assume that F | K is non-conservative of characteristic
p = 5 and genus three. Then the genus of F1 | K is equal to one and F | K admits a unique non-
smooth prime p, which has degree p = 5 and singularity degree two and whose restriction p1
to F1 | K has degree one (see [St2, Proposition 4.1]). We put the elliptic function field F1 | K
equipped with the degree-1 prime p1 into Weierstrass normal form, say F1 = K(x,y) where
y2 = x3 + ax + b (1)
where the polar divisors of x and y are equal to p21 and p
3
1 respectively, and where a and b are
constants such that the discriminant Δ = a3 + 3b2 does not vanish. By Riemann’s theorem the
vector space H 0(p) has dimension three and so there exists a non-constant function z ∈ H 0(p),
or equivalently, a function z ∈ F that has a simple pole at the non-smooth prime p and does not
admit any other pole. Since H 0(p)∩F1 = H 0(p1) = K , the function z does not belong to F1 and
therefore
F = F1(z) = K(x,y, z).
Since z5 belongs to the vector space H 0(p51), which by Riemann’s theorem has dimension five,
we can write
z5 = c0xy + c1x2 + c2y + c3x + c4
where the ci ’s are constants. Since the singularity degree of p is equal to two, we have c0 /∈ K5,
c1 = 0 and c2 = 0 (see [SV, Lemma 2]).
We assume that F | K is non-hyperelliptic; this means c3 = 0 (see [SV, Supplement 4]).
Replacing x by γ 2x and y by γ 3y where γ := c3/c2 we can normalize c2 = c3. Clearly, the
j -invariant 3a3/Δ of the elliptic function field F1 | K is an invariant of F | K . Moreover, due to
the normalization c2 = c3, even the constants a and b are invariants of F | K and the functions x
and y are uniquely determined (see [St1, Proposition 2.2]). Defining e := c2/c0 and d := c4/c0
we have
z5 = c0(xy + ey + ex + d) (2)
where e ∈ K∗, d ∈ K and c0 ∈ K \ K5. By solving Eq. (2) for y and entering into Eq. (1) we
obtain F = K(x, z) and are left with only one equation
(
c−1z5 − ex − d)2 − (x + e)2(x3 + ax + b)= 0 (3)0
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ingly simple normalization of the constant e, which comes out from an explicit description of the
holomorphic differentials. The exact differential dz is holomorphic; more precisely, its divisor is
equal to
div(dz) = div0
(
s(x) − y)1/5 where s(x) := x2 + e−1ax + 2a − e−1b (4)
(see [SV, Supplement 2]). By the theory of adjoint plane curves the holomorphic differentials of
F | K are necessarily of the form
ω = (x, z)
(x + e)(s(x) − y) dz
where (x, z) is a polynomial expression in x and z of degree at most seven, and where the
denominator has been obtained by applying the operator ∂
∂x
on the left-hand side of the minimal
equation (3) between x and z. The holomorphy of ω means that
div(x, z) div0(x + e) · div0
(
s(x) − y)4/5 · p−6.
The condition div(x, z) p−6 is satisfied if (x, z) is a linear combination of the 16 monomials
xiyj with 2i + j  6; the converse is also true, as can be deduced by using the property c0 /∈ K5.
Due to Eq. (2) the monomials z5 and z6 can be replaced by (x + e)y and (x + e)yz, respectively,
and so we can write
(x, z) = m(z) + (x + e)h(x, y, z)
where m(z) is a polynomial in z of degree at most four and
h = h0 + h1x + h2x2 + h3y + h4z + h5xz + h6yz + h7z2 + h8xz2 + h9z3 + h10z4
with h0, h1, . . . , h10 ∈ K . We notice that ordq(m(z)) ordq(x + e) for each zero q of x + e. In
particular m(z¯) = 0 where z¯5 := c0(ex¯ + d) and x¯ := −e. If z¯ /∈ K then we obtain m(z) = 0.
If z¯ ∈ K then writing Eq. (2) as follows (z − z¯)5 = c0(x + e)(y + e) we deduce ordq(z − z¯) =
1
5 ordq(x + e) for at least one zero q of x + e, and so we obtain again m(z) = 0. This shows that
ω = h(x, y, z)
s(x) − y dz.
The differential ω is exact if and only if h10 = 0. We assume that ω is non-zero; then
div(ω)5 = div(h(x, y, z)5/(s(x) − y)5) · div0(s(x) − y)
= div(h(x, y, z)5/(s(x) − y)4) · div∞(s(x) − y)
= div(h(x, y, z)5(s(x) + y)4/q(x)4) · p4
where
q(x) := s(x)2 − (x3 + ax + b)
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we can write
h(x, y, z)5
(
s(x) + y)4 = μ(x)− ν(x)y (5)
where μ(x) and ν(x) are polynomials in x of degrees 18 and 16 respectively, whose leading
coefficients coincide. The holomorphy of ω just means that q(x)4 divides μ(x) and ν(x) say
μ(x)− ν(x)y = q(x)4(r(x) − r2y) (6)
where r(x) is a quadratic polynomial and r2 its leading coefficient. We notice that
div(ω) = div0
(
r(x) − r2y
)1/5
. (7)
By the division algorithm, the coefficients of r(x) may be written as linear combinations of h52,
h56, h
5
8 and h
5
10 with coefficients in F5[a, b, c0, e]e−1. Calculating the remainders of μ(x) and
ν(x) by division on q(x)4 and annihilating its coefficients, we can express the holomorphy of
the differential ω in terms of linear homogeneous equations between the fifth powers h5i whose
coefficients are polynomial expressions in a, b, c0, d and e. By eliminating successively, we
can write the hi ’s as linear homogeneous expressions in h2, h9 and h10 whose coefficients are
rational expressions in the fifth roots of a, b, c0, d and e.
By letting vary (h2, h9, h10) through the standard vectors (1,0,0), (0,1,0) and (0,0,1) we
obtain a basis ω0 = dz, ω1, ω2 of the space of holomorphic differentials. If ω = ωj then we
denote the corresponding polynomial h by h(j) and its coefficients hi by h(j)i . As a bonus of
our rather expensive computations we gain rational expressions in a, b, c0, d and e that are fifth
powers of constants; for instance(
h
(1)
8
)5 = c0Δ−1(a2 + ae − be) ∈ K5.
We will use these expressions to normalize the constants c0, d and e; to this end we choose the
non-constant function z conveniently in the three-dimensional vector space H 0(p). We analyze
how the constant e varies if we let vary z in H 0(p) \ K . If a function varies through the three-
dimensional vector space H 0(p) then its differential varies through the two-dimensional vector
space of the exact holomorphic differentials. Let (h2, h9) be a non-zero vector of constants,
and ω = h2ω0 + h9ω1 be the corresponding exact holomorphic differential. Then ω = dz˜ for
some non-constant function z˜ ∈ H 0(p), which is uniquely determined up to an additive constant.
(Such a function z˜ can be determined explicitly by integrating ω formally by z and adding a
suitable element of F1 = K(x,y) that assures that z˜ has a simple pole at p.) Let e˜ be the constant
corresponding to z˜; then as in Eq. (4) we have
div(dz˜) = div0
(
s˜(x) − y)1/5 where s˜(x) = x2 + e˜−1ax + 2a − e˜−1b.
By comparing with (6) we obtain s˜(x) = r(x)/r2, and this means
e˜ = ae(h
5
2 + c0h56 + c20h58)
ah5 + (a + e2)c h5 + (a + 2e2)c2h5 .2 0 6 0 8
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is not quite obvious to justify to choose ω = (h(1)6 )2ω0 − h(1)8 ω1; but it is a matter of a straight-
forward computation to show that with this choice of ω we get a2 + ae˜ − be˜ = 0, and so we can
normalize h(1)8 = 0, or equivalently,
e = a2/(b − a).
To make further normalizations, we have still the freedom to replace z by an element of k∗z+ k.
Computation shows that (h(1)7 )5 = 2c0(d − (b2 − ab + 2a3)/(b − a)), and so by replacing z by
z − 2h(1)7 we can normalize h(1)7 = 0, or equivalently,
d = (b2 − ab + 2a3)/(b − a).
Furthermore (h(1)6 )
5 = (a − b)−2Δ−1a5c20 and we replace z by (a − b)a−3c−10 (h(1)6 )3z in order
to normalize
c0 = (a − b)Δ3
and therefore h(1)6 = aΔ. Moreover (h(1)4 )5 = (b2 − ab + 2a3)3Δ5 and therefore by considering
the tenth power of h(1)4 we conclude b
2 − ab + 2a3 = c5 for some c ∈ K . Now the coefficients
h
(j)
i can be written as rational expressions in a, b and c where the possible denominators are
equal to a or a2.
Let Z be the non-singular projective model of the function field F | K . The extended curve
Z ⊗K K has a unique singular point; its local ring is the unibranch local Gorenstein domain
KOp of multiplicity two and singularity degree two (see [St1, Proposition 1.1]). Since Z ⊗K K
is a complete non-hyperelliptic Gorenstein curve, we have the canonical embedding
(ω0 : ω1 : ω2) : Z ⊗K K ↪→ P2(K)
(see [R, Theorem 17]), and so the extended curve is isomorphic to a plane projective curve of
degree 2g − 2 = 4.
The point (ω0 : ω1 : ω2) = (h(0)(x, y, z) : h(1)(x, y, z) : h(2)(x, y, z)) with coordinates in the
function field F plays the rôle of a general point of the quartic curve. By comparing coefficients
we can construct a quartic homogeneous polynomial f ∈ K[u,v,w] that vanishes at the general
point. This polynomial turns out to be a F5-linear combination of 874 monomials in u, v, w and
a1/5 and b1/5. By an algorithm described in the last section it can be rewritten as a F5-linear
combination of 194 monomials in u, v, w, a, b and c whose partial degree in c is less than
five. By a suitable projective transformation we will reduce this number to 40. To streamline the
computation we consider the Frobenius transform of the general point, which by Eqs. (5) and (6)
can be written in the form
(
ω50 : ω51 : ω52
)= ((r(0)(x)−r(0)y) : (r(1)(x)−r(1)y) : (r(2)(x)−r(2)y)).2 2 2
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als r(j)(x) and dividing its entries by a suitable constant, we obtain
(1 : x : y˘) =
(∑
m0jω
5
j :
∑
m1jω
5
j :
∑
m2jω
5
j
)
where y˘ := x2 − y and where the mij ’s are the entries of the matrix(
b2Δ a 2aΔ
4b(a2 + b)Δ b − a 2bΔ
(a2 + 2b)Δ 3a2 − a + b a2Δ
)
whose first column has been simplified by the division algorithm, or more precisely, by trans-
forming ω0, ω1 and ω2 into a2ω0, Δ−1ω1 + (2abc − a3)ω0 and Δ−2ω2 + (3c4 + 2ac2 + 2a2 +
3ab)ω0 respectively and renaming the new basis elements by ω0, ω1 and ω2. The cubic equa-
tion (1) yields the quartic equation(
y˘ − x2)2 − x3 − ax − b = 0.
Thus defining the homogeneous polynomial
g(u, v,w) := (uw − v2)2 − uv3 − a1/5u3v − b1/5u4
we obtain a quartic homogeneous equation
g
(∑
m
1/5
0j ωj ,
∑
m
1/5
1j ωj ,
∑
m
1/5
2j ωj
)
= 0 (8)
in ω0, ω1 and ω2, whose coefficients are polynomial expressions in a1/5 and b1/5, which we can
write as polynomial expressions in a, b and c, as announced in the second theorem.
To prove the converse, we need only to notice that the function field of a non-singular plane
quartic curve is non-hyperelliptic of genus three. Now the proofs of the two theorems are com-
plete.
The divisors of the non-zero holomorphic differentials of F | K are obtained by intersecting
the plane projective quartic curve with the lines defined over K . The divisors of the exact non-
zero holomorphic differentials are cut out by a pencil of lines, whose intersection point we denote
by Q. Since a holomorphic differential ω is exact if and only if h10 = 0, it follows from our choice
of the projective coordinates that Q = (0 : 0 : 1).
Corollary 3.3. The exact holomorphic differentials of F | K admit a common zero if and only if
c = 0, that is, a = 2t (t − 1) and b = 2t2(t − 1) for some t ∈ K . The constant t is an invariant of
F | K and even of FK/K , which can assume any value of K | K5. The non-singular projective
model of F | K is isomorphic to the plane quartic curve defined over K by the homogeneous
polynomial
vw3 + u2w2 + (v2w2 + 3v3w + uv2w + u2vw + 2u3v − u4)t + 3uv3t2.
The common zero of the exact holomorphic differentials is the point (0 : 0 : 1). The non-smooth
prime corresponds to the point ((t2 + 3t)1/5 : 1 : (2t4 − t3)1/5) of the projective plane P2(K).
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belongs to the quartic if and only if c = 0, that is, b2 − ab + 2a3 = 0. For an alternate proof
we refer to [St1, Theorem 3.1]. Defining t := b/a we obtain a = 2t (t − 1), b = 2t2(t − 1),
Δ = 2t3(t − 1)2, (b − a)2Δ = 3t5(t − 1)6 and therefore t /∈ K5. The j -invariant of FK | K
is equal to 2(t1/5 − 1). To simplify the equation of the quartic curve, we apply a projective
transformation that leaves Q invariant, transforms the two other points of the quartic on the
tangent line at Q into (1 : 0 : t1/2) and (1 : 0 : −t1/2) and that annihilates some of the coefficients
of the quartic equation, or more precisely, we replace u, v and w by u + v, 4au and 3(tu + w)
respectively. 
By making two blowups of the surface “S : b2 − ab + 2a3 = c5” over the singular point
(0,0,0) followed by a blowup along a line, or more precisely, by transforming
a = a˜c2 and b = b˜c3
we obtain the equation
c = 3 1 + a˜b˜
a˜3 + 3b˜2 .
It follows from this representation that the surface S is rational.
Corollary 3.4. The separable non-conservative non-hyperelliptic function fields in one variable
of genus three with constant field K , whose exact holomorphic differentials do not admit a com-
mon zero, correspond up to isomorphisms bijectively to the K-rational points (a˜, b˜) of the affine
plane satisfying (a˜4 + 2b˜)(a˜3 + 3b˜2)2 /∈ K5.
To prove Corollary 3.4 we have only to notice that c = 0 (see Corollary 3.3), Δ = c6(a˜3 +3b˜2)
and that (b − a)2Δ is up to a fifth power equal to the square of (a˜4 + 2b˜)(a˜3 + 3b˜2)2.
Each coefficient cij of the quartic equation “f (u, v,w) = 0” is a product of a power of c and
a polynomial expression in a˜ and b˜. Introducing new projective coordinates
u˜ := c2u, v˜ := v and w˜ := cw
we get the quartic equation f˜ (u˜, v˜, w˜) = 0 where
f˜ (u˜, v˜, w˜) := c−2f (c−2u˜, v˜, c−1w˜)=∑ c˜ij u˜4−i−j v˜i w˜j
whose coefficients c˜ij are polynomial expressions in a˜ and b˜, which can be read off from the
explicit formulæ displayed in Theorem 3.2 by replacing cij , a, b and c by respectively c˜ij , a˜, b˜
and 1, and by replacing Δ by a˜3 + 3b˜2 if j < 2 and by 3(1 + a˜b˜) if j > 2. The total degree of f˜
in a˜ and b˜ is equal to four, and the two partial degrees are equal to three. In order not to exclude
the case where the exact holomorphic differentials have a common zero and to better illustrate
our methods, we make little use this representation.
Corollary 3.5. The quartic curve Z ⊗K K admits a non-ordinary inflection point if and only if
c = 3, that is, a = 3+2t (t −3) and b = 4+2t (t −3)(t −1) for some t ∈ K . The constant t is an
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Z | K of F | K is isomorphic to the plane quartic curve defined over K by the homogeneous
polynomial
u3w + (u2w2 − uvw2 + uv2w − v4)t + (v + 3w)w3t2.
The point (1 : 0 : 0) is the only non-ordinary inflection point. The non-smooth prime corresponds
to the point ((t4 + t3)1/5 : (t2 − t)1/5 : 2) of the projective plane P2(K).
We postpone the proof of Corollary 3.5 until Section 4, where we establish a variant concern-
ing the special fibers instead of the generic fiber (see Corollary 4.3).
4. The universal two-dimensional pathological fibration
We keep the notation of the preceding section except that the symbols x, y and z have been
cleared. As in the introduction let k be an algebraically closed field of characteristic five and
let π : T → S be the projection morphism whose base S ⊂ A3(k) is cut out by the equation
z5 = σ(x, y) := y2 − xy + 2x3 and whose total space T ⊂ P2(k)× S is given by the polynomial
f (u, v,w,x, y, z) displayed in Theorem 3.2.
The base surface S has two singular points (0,0,0) and (3,4,3), which are Du Val singulari-
ties of type A4. Transforming (x, y, z) → (3 − x,4 + x + 2y,3 − z) we get an automorphism of
order 4 of the surface S that permutes the singular points. Replacing x by 2x − 1, y by y + x + 2
and z by z − 1 we would obtain a more symmetric equation z5 = y2 + x3 + 3x for the Zariski
surface; however this change of the affine coordinates would make the expressions for Δ and f
more involved.
Theorem 4.1. The singular locus of the total space T is cut out by the equation Δ(x,y) :=
x3 + 3y2 = 0.
Let P = (a, b, c) be a point of the base S satisfying Δ := a3 +3b2 = 0. Then the fiber π−1(P )
is an integral plane projective quartic curve birationally equivalent to the elliptic curve of j -
invariant 3(a3/Δ)1/5. It admits just one singular point, namely the ramphoid cusp((
a2/5 : 4(a3b + ab2 + b3)1/5Δ1/5 : 3(a3b + b3)1/5), (a, b, c)).
If Δ = 0 then f = 2av4 and if furthermore P = (0,0,0) then the fiber is a non-reduced curve.
To prove the theorem we compare the fibers with the plane quartic curves C(α,β) given by the
polynomials
g(u, v,w,α,β) := (uw − v2)2 − uv3 − αu3v − βu4
where α,β ∈ k. The point (0 : 0 : 1) is a ramphoid cusp of C(α,β). Each integral plane projective
quartic curve that admits a unibranch point of singularity degree two is projectively equivalent
over the algebraically closed field k to C(α,β) for some uniquely determined (ordered) pair (α,β)
of constants (see [St1, Appendix]). If α3 + 3β2 = 0 then C(α,β) does not admit a second singular
point, and is birationally equivalent to the elliptic curve of j -invariant 3α3/(α3 + 3β2).
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to C(α,β) where α := a1/5 and β := b1/5. Indeed by Eq. (8) of Section 3 we get for each triple
(w0,w1,w2) of constants the equation
f (w0,w1,w2, a, b, c) = g
(∑
m
1/5
0j wj ,
∑
m
1/5
1j wj ,
∑
m
1/5
2j wj ,α,β
)
where det(mij ) = 2Δ4 = 0. Conversely we obtain
g(w0,w1,w2, α,β) = f
(∑
ρ0jwj ,
∑
ρ1jwj ,
∑
ρ2jwj , a, b, c
)
where the ρij ’s are the fifth roots of the entries of the matrix( 2a3 + ab − b2 (b − a)a a2
b(2a2 + 3b)2Δ a(4a4 + a2b + 3ab2 + b2)Δ 4b(a3 + ab + b2)Δ
a2(3a3 + 3a2b + b2) 3a5 + 2a3b + a2b2 + 2b3 3b(a3 + b2)
)
.
Hence the point ((ρ02 : ρ12 : ρ22), (a, b, c)) is the only singular point of the fiber. Let
((u : v : w), (a, b, c)) be a singular point of the total space T ; then the Jacobian matrix( ∂f
∂u
∂f
∂v
∂f
∂w
∂f
∂a
∂f
∂b
∂f
∂c
0 0 0 ∂σ
∂a
∂σ
∂b
0
)
has rank smaller than two. If Δ = 0, this would imply that this point is the only singular point of
the fiber of (a, b, c), which would lead to the contradiction that the minor ∂(f,σ )
∂(a,b)
= 4Δ12/5 is non-
zero. If Δ = 0 then there is a unique t ∈ k such that a = 2t2, b = 2t3, hence c = t , f = 4t2v4 = 0
and the Jacobian matrix has rank smaller than two, and the point is singular. This completes the
proof of the theorem.
By the theory of the Cartier operator, the intersection point of the lines generated by the
divisors of the exact holomorphic differentials on C(α,β) is equal to Q(α,β) = (2α : 2β : α2)
as follows by applying Lemma A.2 of [St1] and making a correction in its announcement. As
expected, Q(α,β) is equal to the image of Q = (0 : 0 : 1) under the projective transformation
defined by the matrix (m1/5ij ), and Q(α,β) belongs to C(α,β) if and only if β2 − αβ + 2α3 = 0
(cf. Corollary 3.3). We announce variants of Corollaries 3.3 and 3.5 in terms of the special fibers
instead of the generic fiber.
Corollary 4.2. If Δ = 0 then the exact holomorphic differentials of the fiber π−1(P ) admit
a common zero, namely the point (0 : 0 : 1), if and only if c = 0, that is, a = 2t (t − 1) and
b = 2t2(t − 1) for some constant t ∈ k.
Corollary 4.3. If Δ = 0 then the number of the inflection points of the fiber π−1(P ) counted
according to their weights is equal to nine.
The fiber admits a non-ordinary flex if and only if c = 3, that is, a = 3 + 2t (t − 3) and
b = 4 + 2t (t − 3)(t − 1) for some constant t ∈ k. In this case there is just one non-ordinary flex
((4 : t (t − 3) : 1),P ) and its weight is equal to two.
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π−1(P ). From the Hessian criterion we deduce that the flexes are the points (1 : v : w) ∈ C(α,β)
satisfying (
v3 + αv + β)w = v5 − v4 + αv3 + (β + 3α)v2 + βv + 2α2
and that in Plücker’s formula the singular point has weight fifteen. Solving for w and entering
into the equation of the curve, we obtain an equation of degree nine in v. This equation has a
multiple root if and only if β2 − αβ + β2 = 3. In this case there is only one multiple root τ ,
its order is equal to two, α = 3 + 2τ(τ − 3), β = 4 + 2τ(τ − 3)(τ − 1), and there is only one
non-ordinary flex (1 : τ : τ 2 +τ +2) and its weight is equal to two. The projective transformation
defined by the matrix (ρij ) maps this point into the point (4 : t (t − 3) : 1) where t = τ 5, which
describes the non-ordinary flex of the fiber.
To obtain the normal form of the quartic equation as announced in Corollary 3.5, we perform a
projective transformation that maps the non-ordinary flex (4 : t (t −3) : 1) into (1 : 0 : 0), the non-
ordinary inflection tangent into the line “w = 0” and that annihilates some of the coefficients of
the equation, or more precisely, we replace u, v and w by u+ t (v+w), t (t +2)(4u+3(t+1)v−
tw) and 4u + 3t2v − t (t + 3)w, respectively.
To discuss degenerations of the pencil defined by the normalized quartic equation, we notice
that Δ = 2t (t − 3)4. If t = 0 and t = ∞ then the members of the pencil are non-reduced curves.
If t = 3 then we get a rational curve, which admits a unique singular point (4 : 3 : 1) of weight
twenty, a unique non-ordinary flex (1 : 0 : 0) of weight two and only two ordinary flexes (1 − v :
v : 1) where v2 = 3.
5. Pathological fibrations and invariant curves
With regard to the two conditions of Theorem 3.1, the base field K has to be on the one hand
so large that
σ := b2 − ab + 2a3 ∈ K5
and on the other hand it has to be so small that
 := (b − a)2(a3 + 3b2) /∈ K5.
Let k be a subfield of K ; then clearly the function field F | K with the invariants a and b is
obtained by a base field extension (i.e. constant field extension) from the corresponding function
field over k(a, b, σ 1/5) = k(a, b, c). If K = k(a, b, σ 1/5) then we have only to take care of the
condition  /∈ k5(a5, b5, σ ).
Theorem 5.1. If a and b form a system of transcendentals over a field k of characteristic five, and
if K = k(a, b, σ 1/5) then there exists a separable non-conservative non-hyperelliptic function
field of genus three (i.e. a non-conservative plane quartic curve) over K with the invariants a
and b.
If k is algebraically closed, then the base field K = k(a, b, σ 1/5) is the function field of the
Zariski surface S and the function field F | K corresponds to the two-dimensional pathological
fibration π : T → S studied in the preceding section.
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as the vector space of dimension p2 = 25 over k(ap, bp) spanned by the products aibj (i, j =
0, . . . , p − 1). Since σ /∈ k(ap, bp) (i.e. ∂σ
∂a
= 0 or ∂σ
∂b
= 0) the subfield k(ap, bp,σ ) is the
p-dimensional vector space spanned by the powers σ i (i = 0, . . . , p − 1). Since the Jacobian
determinant
∂(,σ )
∂(a, b)
:= ∂
∂a
∂σ
∂b
− ∂σ
∂a
∂
∂b
= 3a2(b − a)Δ
is non-zero, we conclude that  does not belong to k(ap, bp,σ ). 
Let k be a subfield of K that is perfect and algebraically closed in K , e.g. the algebraic
closure of the prime field F5 in K . Since  ∈ K \ K5, the field K is non-perfect and so the
extension K | k is transcendental. By passing eventually to a smaller base field we will assume
that K = k(a, b, σ 1/5) i.e. K = k(a, b, c). By Theorem 5.1 it remains to study the case where the
field k(a, b) has transcendence degree one over k.
Theorem 5.2. Let K = k(a, b, σ 1/5) where k is a perfect field of characteristic five, a or b
transcendental over k, a3 +3b2 = 0, and where a and b satisfy an algebraic equation ϕ(a, b) = 0
where ϕ(x, y) ∈ k[x, y] is an absolutely irreducible polynomial in two variables x and y. Then
there exists a non-conservative plane quartic curve over K with the invariants a and b if and
only if
(2y − x)∂ϕ
∂x
+ (y − x2)∂ϕ
∂y
≡ 0 mod ϕ.
In this case, K = k(a, b); otherwise K | k(a, b) is a purely inseparable extension of degree five.
Proof. Since k(a, b) is a function field in one variable with the perfect constant field k, the purely
inseparable extension k(a, b) | k(ap, bp) has degree p = 5. Thus the condition  /∈ k(ap, bp,σ )
means that σ ∈ k(ap, bp) and  /∈ k(ap, bp), that is,
∂σ
∂a
δa + ∂σ
∂b
δb = 0
and
∂
∂a
δa + ∂
∂b
δb = 0
where δa and δb denote respectively the differentials of a and b in the function field k(a, b) | k
and where we abbreviate ∂σ
∂a
= ∂σ
∂x
(a, b) and ∂σ
∂b
= ∂σ
∂y
(a, b). On the other hand, since ϕ(a, b) = 0
we have
∂ϕ
∂a
δa + ∂ϕ
∂b
δb = 0
and so the above two conditions rephrase as follows
∂ϕ ∂σ − ∂σ ∂ϕ = 0
∂a ∂b ∂a ∂b
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∂ϕ
∂a
∂
∂b
− ∂
∂a
∂ϕ
∂b
= 0.
Due to the first condition, the second condition means
∂
∂a
∂σ
∂b
− ∂σ
∂a
∂
∂b
= 0,
that is, 3a2(b − a)Δ = 0. If ϕ is equal to x or y − x then the first condition is not satisfied. Thus
the second condition simply means that Δ = 0. 
Corollary 5.3. The fifth power of the j -invariant of FK | K belongs to the base field K and is
transcendental over k.
Proof. The j -invariant of FK | K is equal to the fifth root of the j -invariant 3a3/(a3 + 3b2) of
F 5K | K . Since k is perfect and algebraically closed in K , we have to show that j does not belong
to k. Thus it is enough to check that for each constant j ∈ k the polynomial 3x3 − j (x3 + 3y2)
is not invariant by the Jacobian vector field D of σ . 
In view of Theorem 5.2 we ask for the absolutely irreducible polynomials ϕ ∈ k[x, y]
that satisfy D(ϕ) ≡ 0 mod ϕ i.e. D(ϕ)/ϕ ∈ k[x, y]. In a hidden way the vector field D =
(2y − x) ∂
∂x
+ (y − x2) ∂
∂y
already appeared in our paper [St1, page 201], where we showed
that the curve “ϕ(x, y) = 0” is invariant by seven vector fields, which are so involved that at that
time we were unable to calculate them on our computer. To our surprise, these seven vector fields
are all multiples of the above vector field, and so there are more pathological fibrations by plane
quartic curves than we expected at that time.
The coordinate ring k[S] = k[x, y,σ 1/p] of the Zariski surface “S : zp = σ(x, y)” is under the
Frobenius map isomorphic to the integrally closed domain
k
[
xp, yp,σ
]= {ϕ ∈ k[x, y] ∣∣D(ϕ) = 0}
(see [L, Lemma 2.2]). An affine plane integral curve “ϕ(x, y) = 0” is invariant by D if and only
if the corresponding prime ideal of k[x, y] is inertial over k[xp, yp,σ ] (see [RS, Proposition 1])
i.e. non-inertial in k[S] i.e. its pullback on S projects birationally on it. Alternatively, this is the
content of the last statement of Theorem 5.2. To get a better geometric insight we notice that a
curve in the (x, y)-plane is invariant by the vector field D if and only if the tangent planes of S at
the points over the plane curve contain the corresponding tangent lines of the plane curve; on the
other hand a plane curve looked as a prime divisor of A2 is non-inertial in the purely inseparable
extension S | A2 of degree p = 5 if and only if it is totally ramified.
By Theorem 3.1 the elements a and b form a complete system of invariants of the function
field F | K . However, if as in the introduction we fix the base field K = k(a, b, c) only up to
isomorphisms, then the only thing that matters are the algebraic relations between the two invari-
ants. It is now clear that stating our function field theoretic results in purely algebro-geometric
terms, we obtain the theorems we announced in the introduction.
If c = 0 then the function field F | K with the modified invariants a˜ = a/c2 and b˜ = b/c3 is
obtained by a base extension from the corresponding function field over k(a, b, c) = k(a˜, b˜). If
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where
˜ := (a˜4 + 2b˜)(a˜3 + 3b˜2)2.
If a˜ and b˜ form a system of transcendentals over k, then this condition is satisfied. It remains to
study the case where the field k(a˜, b˜) has transcendence degree one over k.
Theorem 5.4. Let K = k(a˜, b˜) where k is a perfect field of characteristic five, a˜ or b˜ transcen-
dental over k, a˜3 + 3b˜2 = 0 and where a˜ and b˜ satisfy an algebraic equation ϕ˜(a˜, b˜) = 0 where
ϕ˜(x˜, y˜) ∈ k[x˜, y˜] is an absolutely irreducible polynomial in two variables x˜ and y˜. Then there
exists a non-conservative plane quartic curve over K with the modified invariants a˜ and b˜ if and
only if
x˜
∂ϕ˜
∂x˜
− y˜ ∂ϕ˜
∂y˜
≡ 0 mod ϕ˜.
Proof. Since K = k(a˜, b˜) is a function field in one variable with the perfect constant field k, the
condition ˜ /∈ Kp means that
∂˜
∂a˜
δa˜ + ∂˜
∂b˜
δb˜ = 0
where δa˜ and δb˜ denote respectively the differentials of a˜ and b˜ in the function field k(a˜, b˜) | k
and where ∂
∂a˜
and ∂
∂b˜
stand for the partial derivatives ∂
∂x˜
and ∂
∂y˜
evaluated at the point (a˜, b˜). On
the other hand, since ϕ˜(a˜, b˜) = 0 we have
∂ϕ˜
∂a˜
δa˜ + ∂ϕ˜
∂b˜
δb˜ = 0
and so the above inequality rephrases as follows
∂˜
∂b˜
∂ϕ˜
∂a˜
− ∂˜
∂a˜
∂ϕ˜
∂b˜
= 0.
Since ∂˜
∂a˜
= 2a˜2b˜(1 + a˜b˜)(a˜3 + 3b˜2) and ∂˜
∂b˜
= 2a˜3(1 + a˜b˜)(a˜3 + 3b˜2) do not vanish simultane-
ously we get the condition
a˜
∂ϕ˜
∂a˜
− b˜ ∂ϕ˜
∂b˜
= 0. 
6. Classification of invariant curves
Geometrically, it makes sense to admit that the affine plane invariant curves are reducible.
Indeed a polynomial ϕ ∈ k[x, y] is invariant in the sense that D(ϕ)/ϕ ∈ k[x, y] if and only if it
is a product of invariant irreducible polynomials and pth powers of irreducible polynomials (see
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of σ(x, y), we have a fibration that is pathological over each irreducible component of the base.
More generally, we ask not only for the possibly reducible invariant polynomials ϕ ∈ k[x, y]
but even for the rational functions ϕ ∈ k(x, y) such that D(ϕ) = λϕ for some polynomial λ =
λϕ(x, y) ∈ k[x, y]. Since deg(λ) deg(σ )− 2 = 1 and
∂2p−2
∂xp−1∂yp−1
(
σp−1λ
)= λp
(see [L, Lemma 2.4 and Proposition 2.9.1]), it follows by a straightforward computation that λ is
a constant belonging to the prime field Fp = F5. Thus we simply ask for the eigenvectors of D,
where D is viewed as a linear operator on the 25-dimensional vector space k(x, y) over k(x5, y5).
This operator can be put into diagonal form. More precisely, since D(σ) = 0 and D(Δ) = 2Δ
where Δ = x3 + 3y2, the eigenvectors of D with eigenvalue λ ∈ F5 form a five-dimensional
vector space generated by the products σ iΔn (i = 0,1, . . . ,4) where n is the non-negative integer
smaller than five whose residue class modulo 5 is equal to 12λ. However in our context it is more
important to describe the five k[x5, y5]-modules of the invariant polynomials with given λ ∈ F5.
By routine computations we can determine the (possibly reducible) invariant curves of each
given degree. There are no invariant curves of degree one, two and four. The invariant cubic
curves with λ = 0 form a pencil, which is cut out by the equations σ(x, y) = c5 where c varies
over the elements of the perfect field k. The pullbacks of these curves under the projection mor-
phism of the Zariski surface S onto the affine (x, y)-plane are the curves of constant altitude
z = c. If c is different from 0 and 3 then these cubic curves are smooth and their j -invariants
are equal to 2/(c2 − 3c)5; otherwise they admit a node, and we get the fibrations classified in
Corollaries 3.3 and 3.5.
In sharp contrast to characteristic zero, the level curves “σ(x, y) = c5” are not the only integral
invariant curves, even though they form a disjoint union of the plane. For each λ ∈ F∗5 there is a
unique invariant cubic curve, which is given by the polynomial
ϕλ =
(
x + λ2 + 1)3 + 3(y − λx + 2x − λ3 − λ)2.
This plane cubic admits a cusp; however its pullback on the Zariski surface S is a smooth rational
curve, say Cλ, which is parameterized by the altitude z as follows:
x = 3λ2z2 + (λ2 + 1)z,
y = λz3 + (λ3 − λ2 + 3λ)z2 + (2λ3 + 3λ2 + 2λ+ 3)z.
The divisor class group Cl(S) of the Zariski surface S is isomorphic to the additive group
{D(ϕ)/ϕ | ϕ ∈ k(x, y)∗} ∩ k[x, y] (see [S, théorème 2]) and hence isomorphic to F5; more pre-
cisely the non-zero elements of Cl(S) are the four classes Cλ.
By entering with the parametric representation of Cλ into the polynomial f (u, v,w,x, y, z) of
Theorem 3.2, we obtain explicit descriptions of the three pathological fibrations over the curves
C1, C3 and C4; the curve C2 does not provide a pathological fibration because ϕ2 = Δ. The
pathological fibration over C1 is characterized by the property that the general fiber admits a
bitangent spanned by the divisor of an exact holomorphic differential (see [St1, Theorem 3.2]).
For each λ ∈ F∗ there is an invariant quintic polynomial5
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(
λ2 − 3λ)x4 − λx3y + (λ3 + λ2 + 3λ)x2y − (λ2 − 3λ)xy2 + 3λy3
− (λ3 + 2λ2 − λ+ 3)y2
uniquely determined by the property that the coefficients of x5 and x3 are equal to 1 and 0
respectively, and there is also an invariant polynomial
ξλ = x7 − (λ + 2)x5y + 2x4y2 +
(
3λ2 + 3λ− 1)x3y2 + (λ + 2)x2y3 − xy4 + 3λ3y5
− (λ3 + 2λ2 − λ+ 3)xy3 + (3λ2 + 3λ− 1)y4
of degree seven uniquely determined by the property that the coefficients of x7, x5 and x3 are
equal to 1, 0 and 0, respectively. The pathological fibration over the sextic invariant curve “σϕ2 +
ψ2 − ϕ2 = 0” is characterized by the property that the general fiber admits an inflection tangent
that cuts out the divisor of an exact holomorphic differential (see [St1, Theorem 3.4]).
Theorem 6.1. The logarithmic derivatives D(ϕ)/ϕ of the invariant polynomials ϕ are constants
belonging to the prime field F5. For each λ ∈ F5 the space {ϕ ∈ k[x, y] | D(ϕ) = λϕ} of the
invariant polynomials of logarithmic derivative λ is the free k[x5, y5]-module of rank five gen-
erated by the five polynomials ϕλ, ψλ, σϕλ, ξλ and σ 2ϕλ (respectively, 1, σ , σ 2, σ 3 and σ 4) if
λ = 0 (respectively, λ = 0).
Proof. We have already shown the first statement. The leading forms (i.e. the homogeneous
components of largest degree) of the five polynomials are up to constant factors equal to the
powers x3, x5, x6, x7 and x9 (respectively, x0, x3, x6, x9 and x12) if λ = 0 (respectively, λ = 0),
whose exponents are pairwise non-congruent modulo 5. Writing the polynomial ϕ as the sum of
its homogeneous components
ϕ = φn + φn−1 + · · · + φ0
we can express the equation D(ϕ) = λϕ as a system of partial differential equations
x2
∂φi−1
∂y
= (2y − x)∂φi
∂x
+ y ∂φi
∂y
− λφi (i = 0, . . . , n + 1).
We will proceed by induction on the degree n of ϕ. By comparing the coefficients of degree n+1
we obtain
∂φn
∂y
= 0 say φn =
∑
cj x
n−jpyjp
where the cj ’s belong to k. If n ≡ 3 mod 5 then φn is the leading form of a polynomial belonging
to the k[x5, y5]-module generated by the five polynomials, and so by subtracting from ϕ this
polynomial we may assume that φn = 0, and the induction hypothesis applies.
If n ≡ 1 mod 5 then we may assume that φn = cxyn−1 for some c ∈ k, and by comparing the
coefficients of degree n we obtain
∂φn−1 = c(4 − λ)x−1yn−1 + 2cx−2yn ∈ k[x, y],
∂y
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If n ≡ 4 mod 5 then we may assume that φn = cx4yn−1 for some c ∈ k, therefore ∂φn−1∂y =
c(1 − λ)x2yn−4 + 3cxyn−3 and we may assume that φn−1 = c(1 − λ)x2yn−3 − cxyn−4, hence
∂φn−2
∂y
= 3 cx−2yn−1 + 2λx−1yn−2 + yn−3(λ2 + λ − 2), hence c = 0 and again the induction
hypothesis applies.
In the remaining cases where n ≡ 0 mod 5 and n ≡ 2 mod 5 similar arguments apply, pro-
vided we treat the subcases λ = 0 and λ = 0 separately. 
It may now be checked in an explicit way that for each D-invariant polynomial ϕ(x, y) ∈
k[x, y] \ {0} of logarithmic derivative λ there are integers m ≡ λ mod 5 and n and a polynomial
ϕ˜(x˜, y˜) ∈ k[x˜, y˜] not divisible by 1 + x˜y˜ and x˜3 + 3y˜2 such that
ϕ
(
x˜z2, y˜z3
)= (1 + x˜y˜)m
(x˜3 + 3y˜2)5n ϕ˜(x˜, y˜)
5 where z = 3 1 + x˜y˜
x˜3 + 3y˜2 .
If a and b are invariants with σ(a, b) = 0 that satisfy the equation ϕ(a, b) = 0 then the modified
invariants a˜ and b˜ satisfy ϕ˜(a˜, b˜) = 0 (cf. Theorems 5.2 and 5.4).
While we started the paper with Bertini’s first fundamental theorem, we will finish with a
discussion related to Bertini’s second fundamental theorem—the theorem on reducible linear
systems. By Theorem 6.1 we can establish algebraic relations between the invariant polynomials;
for example, for each pair μ,ν ∈ F∗5 we have
ϕμϕν =
{
3σϕλ + 3μνψλ + (μν+3λ+4)(3μνλ+μν−λ)ϕλ if μ+ ν = λ = 0,
4σ 2 + 2μ2x5 + 3(μ2+1)σ if μ+ ν = 0.
We obtain irreducibility criteria for invariant polynomials of given degree. Indeed, since an in-
variant polynomial is reducible if and only if it is a fifth power or divisible by a non-constant
invariant polynomial of smaller degree, we are able to list reducible invariant polynomials. The
invariant polynomials of degree smaller then six and of degree seven are irreducible. A sextic in-
variant polynomial c1σϕλ+c2ψλ+c3ϕλ of logarithmic derivative λ = 0 is irreducible if and only
if it is not divisible by ϕλ and not proportional to the two products ϕμϕν with μ+ν = λ, or equiv-
alently, c2 = 0 and the point (c1 : c2 : c3) ∈ P2(k) is different from (1 : 4λ2 : 2λ3+λ2+3λ+4) and
(1 : 3λ2 : 4λ3+3λ2+λ+2). A sextic invariant polynomial c1σ 2 + c2x5 + c3y5 + c4σ + c5 of log-
arithmic derivative zero is absolutely irreducible if and only if c2 and c3 do not both vanish and
the point (c1 : c2 : c3 : c4 : c5) is different from (1 : 3 : 0 : 4 : 0) and (1 : 2 : 0 : 0 : 0).
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